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SOimiRE 


Le  module  de  1* octet  do  No* Oman  et  Gell-ilarm  est  generalise  do  maniere 
h  permettre  de  definir  des  courants  conserves  j  A  S  J  =  1  )  A.I  |  =  ^  observes 

exp^rimentalemont  •  On  montre  que  la  solution  nominale  de  ce  probleme  est  uno  symme- 
trie  orthogonal©  bas^e  sur  le  groupe  S0(8),  les  baiyons  etant  a  nouveau  dan3  une 
representation  irreductible  de  dimension  huit. 

Le  couplago  de  Yukawa  meson-baryon  et  les  courants  baryoniquo3  et 
m^soniques  sont  dtudide  et  classes. 


INTRODUCTION 


Tho  problem  of  a  possible  existence  of  high  synmotriea  in  the  strong 
interactions  ha3  been  extensively  studied  the  last  few  years.  All  the  various  approaches 
can  be  characterized,  from  a  mathematical  point  of  view,  in  a  common  way  :  one  assumes 
the  existence  of  a  semi-simple  Lie  algebra,  g  ,  containing,  of  courso,  tho  isospin 
rotations,  the  hypercharge  and  the  baryonic  number  gauge  transformations  and  one  cons¬ 
tructs  a  composite  model  of  strong  interacting  elementary  particles  from  a  particular 
representation  of  this  algebra  associated  with  the  spin  y  baryon3.  Let  U3  call  G  this 
group  realization  of  g.  In  general,  tho  space  time  properties  are  assumed  to  be  indepen¬ 
dent  of  these  new  internal  symmetries  and  tlie  complete  oyn.’.etry  group  turns  out  to  be 
the  direct  product  of  the  inhomogeneous  Lorentz  group  P  by  the  symmetry  group  G  . 

The  general  problem  of  global  symmetries  has  been  investigated  by 
Speiser  and  Tarski  ^2^  for  a  large  class  of  simple  and  corni-simple  Lie  algobrre ,  The  nor r 
successful  models,  from  a  physical  point  of  view  are  : 

a)  The  octot  model  [^3][4j 

b)  The  Sakata  model  [3]j(6] 

c)  The  G^  model  [7JC®}  • 

The  octet  and  the  triplet  models  ore  the  only  two  physically  possible 
group  realizations  of  the  same  9-parameters  semi-simple  Lie  algebra  (seo  tho  noxt 
section).  Nevertheless,  the  properties  and  the  predictions  of  these  models  are  very 
different. 
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Tho  experimental  spectrum  of  masses  in  a  superraultiplot  is  generally 
explained  by  a  breakdown  of  tho  global  symmetry  due  to  the  presence  in  tho  lagrongian  of 
interaction,  for  instance,  of  a  term  invariant  only  in  a  weaker  symmetry  llj  ♦ 

First  order  calculations  give,  in  tho  octot  mode 1^ surprisingly  good  results.  The  electro¬ 
magnetic  interactions  are  introduced  in  an  analogous  way  and  correspond  to  another 
weaker  symmetry  of  tho  same  type  of  tho  proceeding  oneo  [j^][loJ  [llj  [12^]  £l;f)  • 

Tho  inclusion  of  the  weak  interactions  is  a  more  complicated  problem# 

The  main  difficulty  is  tho  experimental  evidence  of  both  1  &3  |  =  1  ,  |  Al  1  =  %  end 
|  All  =  ^  currents  [l4^  and  at  least  for  tho  models  previously  quoted,  it  i3  not 
possible  to  associate  the  weak  interactions  with  a  subgroup  of  the  group  of  strong  inter¬ 
actions  if  one  requires  the  existence  of  conserved  currents  £l5^J  , 

Another  way  is  to  pootulato  tho  existence  of  a  larger  group  H  such  that 
tho  strong  interaction  group  G  is  a  subgroup  of  H  and  which  permits  to  construct  the 
woak  currents  experimentally  observed. 

As  pointed  out  by  Echronds  and  Sirl.ir^7|  a  possible  solution  of  such  a 
problom  for  tho  G^  model  is  tho  orthogonal  group  in  sevon-diaensi onal  space  C0(7)»  A 
mathematical  treatment  of  tho  inclusion  of  G^  in  30(7)  is  giver,  in  reference  ^7^  and 
also  in  [j7j  . 


This  paper  i3  devoted  to  a  generalization  of  the  octot  model  in  a  way 
permittiagto  include  the  weak  interactions.  It  turns  out  that  tho  more  simple  solution  - 
but  not  tho  only  one  of  course  -  is  an  eight-fold  way  bnsed  on  the  orthogonal  group  in 
an  eight-dimensional  space  S0(g)  [l8 J  . 

Somo  years  ago,  Gtlrsoy  u3od  this  group  for  weak  interactions.  The 
main  difference  is  duo  to  a  different  nor.-oquivalent  place  [2(fJ  of  the  iaoepin  and  hyper- 
charge  operators  in  the  simple  Lie  algebra.  In  both  cases,  one  can  construct  a  uni¬ 
tary  group  SU(3)  as  subgroup  of  S0(8)  but,  in  Glirsoy's  version,  the  inclusion  admits  G^ 
and  S0(7)  aa  intermediate  stops  and,  really,  the  Glirocy  model  appears  as  a  gonoralizatioi 
of  tho  Gg  model  instead  of  tho  octot  model.  An  interesting  point  of  Gurscy's  work  is  the 
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introduction  of  spaco-time  proportios  in  tho  symmetry  apace;  more  precisely,  tho  two 
component  baryon  apinor3  of  givon  holicity,  are  associated  with  tho  two  spinor  represen¬ 
tations  of  tho  algobra  and  the  octet  of  the  vector  representation  doscribos  sovon 
pseudo-scalar  and  ono  scalar  meson.  It  follows  thut,  for  strong  interactions,  ono  cannot 
find  an  octot  model  as  a  subgroup. 

In  the  first  section,  tho  mathematical  structure  of  tho  inclusion 
botwoon  the  algobra  of  the  unitary  group  and  the  algobra  of  tho  orthogonal  group  is 
studiod.  Tho  reduction  undor  unitary  transformation  of  tho  irreducible  representations 
of  tho  orthogonal  group  is  examined  and  it  can  bo  3hown  that  tho  orthogonal  S0(8)  group 
con  gonoralizo  the  octot  modol  but  not  tho  triplot  modol.  Moreover,  tho  adjoint  repre¬ 
sentation  contains  tho  woak  currents  and  ono  can  try  to  extend  the  octot  model  in  this 
way. 


In  tho  second  section,  ono  constructs  explicitly  tho  model  and  gives  a 
systematic  classification  of  the  woak  currents  with  rospcct  to  the  quantum  numbers  of 
the  strong  interactions. 
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II.  MATHEMATICAL  TREATMENT . 


1°)  Tho  octet  model  [3]  £ 4 J  and  the  triplet  model  [*6 J  are  constructed  on  tho  samo 
Lio  algobra  Aq  ©  A^  [  2lJ  but  are  two  distinct  group  realizations.  In  tho  eight-fold 
way  tho  basic  group  is  a  direct  product  : 


SU(3) 

U(i)  ®  - 

*3 


SU(3) 


whoro  is  the  contor  of  SU(3)  [ 22]  and  it  is  well-known  that  tho  factor  group 
can  be  entirely  generated  by  tho  tonsorial  powers  of  tho  oight-dimensional  ^ 

adjoint  roprosontation  only.  Generally,  two  non-nogativo  numbers,  “X  ^  and  "X  ^  » 
characterize  tho  representations  of  SU(3)  and  tho  only  possiblo  representations  of 

are  restricted  by  tho  condition  j 


^  +  2  A2  *  0  (3) 


2°)  Vo  are  now  interested  in  the  6-dimcnsional  adjc  it  representation  of  tho  A*,  Lio 
algobra.  It  is  well-known  that,  in  associated  voctoi  pace,  ono  can  find  a  bilinear 
aymnotrlc  f ora  C,  conserved  under  tho  transformations  contained  in  [23]  .  In  an 
equivalent  way,  ono  con  define  a  8  x  8  symmetric  matrix  C  such  that  : 


C  X  C"1 

(T 


where  the  X^  's  are  the  adjoint  representation  of  tho  infinitesimal  generators  of  A^ 
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If  now  wo  uso  the  notations  as  indicatod  in  Fig.  1.  for  tho  basis  of  tho 
adjoint  representation  [llj  : 

)  _1>  )+2  > 


|+i> 

Hex J.  t  Root  and  Woight  Diagram  for  tho  adjoint  representation. 


Tho  vectors  |  j  )  where  j  »  t  1 ,  i  2,  1  3  are  orthonormalizod  and  associatod  with 
tho  non-tero  roots  of  A^.  Because  of  the  degenorescence  of  the  root  eoro,  there  oxists 
one  dogree  of  freedom  in  the  definition  of  the  corresponding  eigenvectors  and  wo  use 
(  )>  and  |  CS  ^  as  two  arbitrary  orthonormalised  weights . 


In  this  basis,  the  matrix  C  has  the  simple  form 


and  satisfies  evidently  : 

T  T 

c  »  C  CC  *  I  . 


3°)  The  linear  transformations  loaving  the  bilinear  form  C  of  tho  previous  section 
invariant  can  be  generally  represented  by  tho  sot  of  all  8x8  orthogonal  matricos 
which  satisfy 
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0T  C  0  =  C 


Tho  orthogonal  0(8)  and  special  orthogonal  S0(8)  groups  are  naturally  introduced  in 
this  way  and  we  aro  now  interested  by  tho  properties  of  the  simple  Lio  algobra  of 
thcso  orthogonal  groups. 


Tho  8-dimonsional  space  is  tho  vector  representation  space  of  tho 
algobra  and  it  is  convenient,  as  usual,  to  defino  the  following  basi3  for  tho  8x8 
matrices  [  24 j  s 


C  Cnx 


A  simplo  non  normalized  form  of  tho  voctor  representation  of  tho  algobra  is 

then  given,  as  for  orthogonal  groups,  by 


Tho  unimodular  unitary  transformations  associated  with  appear,  in  this  way,  as  a 
particular  subset  of  tho  orthogonal  transformations  of  Wo  then  havo  tho  inclusion 
relation  for  the  Lio  algebra  t 


*2  C  °4 
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and  our  aim  is  now  to  give  tho  prociso  position  of  A0  in  D.  by  writing  tho  infjrd- 

•  **  1“ 

tosimal  generators  of  as  linear  combinations  of  those  of  D  .  V/o  use  for  this  tho 
explicit  8-dimonsionnl  representation  of  the  Lie  algebras  on  tho  basis  previously 
introduced.  The  result  is  given  in  Table  1  : 


SabHaJj. 

Tho  stato  vectors  |  r>  and  |s>  correspond  to  a  particular  definition  of  |^>  and  \6} 
on  tho  bo3is  of  a  physical  choico  oxplaincd  in  tho  next  section. 


Qno  can  iinmodiatoly  verify  on  tho  previous  expressions  that  tho  set  of 
oight  linear ly  independent  generators  E^f  H^,  generates  a  sub-algebra  of  of  typo 
Ap  by  using  the  commutation  rales  of  tho  algebra  deduced  for  instance,  from  tho 

matrix  representation  of  tho  2  ,  n  # 

cJ  jCi 
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4°)  The  irreducible*  representations  of  the  algebra  are  defined  by  four  non-nogativo 
intogors  jx  ^ j-Ly  ^4  from  the  four  fundamental  representations  [*25 J  v/hich  ecu', 
bo  classified  in  tho  following  way  : 


Cl) 

P(l,0,0,0) 

8-diinensional 

b) 

D(0, 1,0,0) 

8-dimonsional 

c) 

D(0, 0,1,0) 

8-dimcnsional 

d) 

D(0, 0,0,1) 

28-dimonsi  onal 

spinor  representation  8  sp 
spinor  representation  8  sp1 
vector  representation  8  v 
adjoint  representation  28^ 


Tho  throe  8-diraon3ional  representations  are  inequivalent,  of  course,  if  ono  considers 
all  orthogonal  transformations.  If  now,  wo  restrict  ourselves  to  tho  transformations 
contained  in  the  sub-algebra,  they  arc  irreducible  and  equivalent.  At  tho  same  time, 
tho  adjoint  representation  is  reducible  according  to  : 


23r  — ►  8  ®  10  ©  T5 


\°>- 

Such  a  rosult  can  easily  bo  obtainod  by  looking  tho  projection  of  the  four-dimensional 
woight  diagrams  of  on  a  convenient  plane.  Tho  study  of  tho  characters  gives  an 
algebraic  mothod  of  demonstration  -  sco  appendix. 


Lot  us  call  os  D|  thf  universal  covering  group  of  tho  Lie  algebra  D^. 
Tho  centor  of  possosses  a  very  simple  structure  as  shown  in  Table  2. t 


8 

sp 

8  . 
sp' 

8 

V 

B 

1 

1 

1 

1 

Ri 

1 

-1 

-1 

1 

*2 

-1 

1 

-1 

1 

*3 

-1 

-1 

1 

1 

Table  2.  j  Centor  of  Df  and  tho  fundamental  representations . 
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Ono  immodiatoly  verifies  that  this  contor  is  isomorphic  to  a  diroct  product  ®  Z^[2 C] 

and  tho  connectod  groupsossociated  to  tho  algebra  can  bo  easily  classified  in  the 
following  way  s 


a)  D*  whore  |ij,  ^  j-ij,  ^  are  independent; 


D* 

b)  A  — Z_  •  one  can  realize  throo  isomorphic  groups  of  this  typo  by 

22 

considering  the  tonaorial  powers  of  one  of  the  8-dimonnional  representations  : 

< 

o( 


)  fr°®  8Sp  'Ath  \x2  +  ^3  *  0  ^ 

/3)  A^,  from8Bp,  with  ^  »  0  (2) 

fl)  A4v  S0(8)  f rom  8y  with  f '  ^+|  *2  *  0  (2) 


Z2®Z2 


t  generated  by  tho  tonsorial  powors  of  tho  adjoint  represen¬ 


tation  and  characterized  by  \j  ^ of  the  same  parity  e.g.  tho  representations 


ontorlng  in  all  A  ^  groups. 


We  are  now  in  a  position  to  give  tho  possible  inclusion  of  the  connected 
groups  of  tho  Lie  algobra  Aj  with  rcspoct  to  the  connoctod  groups  of  the  Ids  algebra  E , 
in  our  schomo  and  tho  main  results  are  tho  following  t 


a)  ^H^lL-is  a  subgroup  of  Aa 

b)  SU(3)  cannot  bo  a  subgroup  in  any  caso. 


It  follows  that  our  approach  cannot  gonoralieo  any  symnotry  group  constructor  firm 
SD(3)  or  from  U(3)  os  tho  Sakata  model. 
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III.  EIGPT-FOIJ)  WAY. 


1°)  Lot  us  go  back  to  physics.  In  such  a  scheme,  it 
with  tho  weights  of  tho  vector  representation  in  the 


is  natural  to  associate  tho  barve^1 
usual  way  : 


IN  = 

l-°> 

|2>  = 

1  p> 

1  3>  =  |  £“> 

-1>  = 

ln> 

1  ~2>  =  1 

S“>  1 

-3>=  1*  *> 

1  r  > 

=  i  r c  > 

|3>  = 

1  AC'> 

Table  5* 


Tho  isospin  operators  are  then  given  by  : 

< 


I+  ■  Z?t  *  ”  Z-JT- 

I'  -  Z.,.2  -ft 


*0  “  +  "  S-3 


and  tho  hyporchargo  and  charge  operators  by 


Y  -  Z2-2  “  Z,-1 


Q  -  Z2-2  “  V3 
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2°)  Tho  product  of  representations  in  can  bo  writton  os  [  27 j  i 


8  ©  8  =  1  ©  28  ®  35,. 

CX  <X 


If  ono  uses  a  coupling  of  tho  Yukawa  typo  botwoon  baryons  and  masons,  tho  moro  simplo 
place  for  tho  wuaons  is  tho  adjoint  representation.  Ono  predicts  two  20-dimonsional 
raultiplots  with  J  =  0  and  J  =  1  [  28  j  , 


Wo  now  consider  the  bavyon-moson  resonances.  Prom  tho  product  of  repre¬ 
sentations  in  D.  : 

4 


°a®  28  -  ®6.©56o(C?l60rt 


wo  have  ossontially  tho  possibility  of  8-dimonsional  and  56-dinensional  multiplots* 

Tho  J  m  -J-  octot  can  bo  ropoatod  into  a  J  =  j  octet*  Because  of  tho  isospin  £  of  tho 
first  rf -nucleon  resonance,  one  predicts  a  56-dioon3ional  J  =  ^  multiplot  and  porhapo 
another  56-dimensional  J  =  2  [29]  • 

3°)  With  baryons  and  antibnryons  in  tho  8^  ropresontation  and  tho  mesons  in  tho  28^ 
rcpro3ontation#  the  meson  baryon  coupling  can  bo  writton  as  : 


Prom  tho  point  of  view  of  strong  interactions f  it  is  convenient  to  classify  tho  weights 
of  tho  adjoint  representation  according  to  s 


>  a)  tho  values  of  ioospin  and  hyporchargo 

>  b)  tho  irroduciblo  reprccontationsln  tho  reduction  by  A^* 

Tho  various  calculations  are,  of  ccxirso,  identical  to  those  of  tho  decomposition  of 
tho  antisymmetric  part  of  tho  product  of  two  adjoint  representations  of  Ag*  Tho  results 
aro  given  in  Tables  4*  5  and  6* 


15. 

4°)  In  our  scheme,  the  "conserved"  currents  belong  to  the  28-dimensional  adjoint 
representations.  For  instance,  the  baryonic  part  of  the  vector  currents  can  be 
written  as  : 


It  is  useful,  for  practical  applications,  to  classify  the  various  currents  in  the 
same  way  as  the  weights  of  the  adjoint  representation.  The  results  aro  obtained  from 
Tables  4,  5  and  6,  by  the  3imple  substitution  1!^  =*>  Jk*  * 

5°)  If  now  we  assume  the  existence  of  terms  of  the  structure  current  x  current, 
responsible  of  the  non-leptonic  interactions,  the  weak  lagrangian  has  a  variance, 
under  D^,  given  by  the  product  of  representations  t 
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CONCLUSIONS 


In  this  first  paper,  we  have  studied, from  a  mathematical  point  of  view, 
a  possible  generalization  of  the  octet  model  which  permits  to  include  the  weak  intern- 
actions  in  a  natural  way*  The  orthogonal  30(8)  symmetry  is  not,  of  course,  the  unique 
solution  of  such  a  problem  but  it  i3  the  more  economical  one  satisfying  the  two 
minimal  requirements  : 

I  a)  is  a  subgroup, 

h 

b)  both  (AS|  =  1,  |A  I  j  =  \  and  ^  currents  appear  in  the  adjoint 
representations • 

It  is  clear,  from  the  result  of  Section  II,  that 
and  are  three  isomorphic  but  non  equivalent  solutions.  The  equivalence  however 
holds  for  the  strong  interactions.  More  precisely,  the  G~diaencional  representations 
of  the  infinitesimal  generators  are  not  equivalent  for  the  total  algebra  but  only 
for  tho  A^  sub-algobra.  For  instance,  the  coupling  botweon  mesons  and  baryon3  is 
identical  in  tho  throe  cases  for  tho  J  =  0~  pseudooealar  mesons  associated  with  the 
8  part  of  tho  reduction  of  the  28^  adjoint  representation  of  by  tho  subalgobra 
(Table  4)«  It  follows  equally  that  tho  weak  currents  associated  with  Table  4.  are  tl  i 
same  in  the  throo  situations  whereas  a  difference  must  appear  for  thoJAl|»  ^  curron 

The  possibility  to  include  tho  leptons  and  tho  voctor  bosons  has  not  been 
considored  in  this  paper.  It  seems  that  such  a  tentative  is  very  difficult  and  actuals 
at  the  prosont  time,  unsuccessful  in  any  model.  Nevertheless,  it  is  a  nocossa^y  problem 
to  solve  in  a  general  scheme  in  order  to  know  tho  variance  of  tho  complete  woak 
lograngian  with  respect  to  tho  group  operations  -  if  such  a  group  exists,  of  courso. 

An  othor  way  to  goneralizo  tho  strong  interactions  unitary  models  is  to 
find  a  largo  group  G  whore  tho  previous  condition  a)  is  replaced  by  the  moro  general 
a1)  SU(3)  is  a  subgroup  of  G. 


ono  s 
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In  mathematical  terms,  the  unitary  rotations  associatod  with  the  center 
Zj  of  SU(3)  must  bo  reprosonted  in  a  non-triviel  way  in  G.  The  simple  Lio  group  of 
lowor  rank  solution  of  such  a  problom  is  tho  unimodular  unitary  group  SU(6).  Tho 
35-dimonsional  adjoint  representation  of  A,.  roduces,  under  tho  A^  subalgobra,  into 
8  €>27.  It  follows  that  condition  b)  is  satisfied  but  at  tho  same  time  ono  obtains 

I  »■  ^  • 

(A  S I  =  2, | Al|  =  1  woak  currents  and  this  foaturo  is  certainly  unfavourable. 


Wo  acknowledge  tho  holp  of  Professor  Michol  and  of  Dr.  Lascouz  for 
illuminating  discussions  on  tho  group  theoretical  aspect  of  this  problom. 
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APPENDIX 


Characters  for  SU(5)  and  S0(8) 


The  characters  for  an  irreducible  representation  can  bo  calculated  from  the  know¬ 
ledge  of  the  weights  m  of  multiplicity  ^  The  formula  given  by  l/eyl,  is  tho  follo¬ 
wing  [25  ]  : 


whoro  tho  scalar  product,  in  tho  exponential,  is  performed  in  the  weight  spaco. 

Characters  for  SU(3)»  In  order  to  prosorvo  the  symmetry  of  tho  algebra,  exhibited 
on  tho  root  diagram  (seo  Fig.  1*),  it  is  convenient  to  use  triangular  coordinates  of 
sum  zero  in  tho  2-dimonsional  weight  spaco  [25]  [ll]  •  Wo  then  obtain,  for  tho  fun¬ 
damental  representation  : 


“Xj  (?)  -  °*p  |(2(fr^2M’3)W-<(>1+2C<)2>^)+oxp|(-^r(p2+2q;3 

After  a  change  of  variablos  : 

-t,  -<fc  V,  •%  -  4>t  - 
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ono  can  us©  also  for  tho  d>  voctor  triangular  coordinates  : 


and  the  character  formula  becomes  ; 


SU(3 ) 

Ono  easily  deduces  for  the  8,  10,  TO  and  27  representations  of  -■■■  —  ,  the  following 
expressions  : 


7(10(£)  =  1+2  [Coo  4'1+Cos4>2+C°s45]  +  tocp  i(<|)2-4>3)+cxp  i(4>5~  4>1)+e--’P  i(‘t>  j-O 

=  1+2  [cos^^oa  4>2+Oc<s4>3]  +  oxp  i(<{>5-4>2)+cxp  i(<j>  y-  ^)+oxp 

=  3  +  2  [cos2  4*^082  4>2+Coa2  43J  +  2  ^Coscjjj+Cos^g+Cos^j  J  + 

+  4  j^Coa^  Coa4>2  +  ®004>2  ^084>3  +  Coa<^J 


2°)  Characters  for  D*.  All  weights  of  tho  fundamental  representations  ora  simple 
and  deduciblo  from  tho  highoat  woight  by  the  operations  of  the  V/oyl  group.  Tho  weight 
space  is  four-dimonsional,  with  basis  ,  j  =  1,  2,  3,  4.  We  immediately  know  the 


characters  for  tho  fun*1  omenta],  rcprjf3Gntt\t„ons  : 


a)  8  Ilirhost  woirht  -  (o.  +  +  o~  *+•  e.)  t 

7  sp  L  2  1  2  5  4 


v  (^)  B  2  rCy.  V^'  :V^4  +  c.„  ,  c=3  rV tV ^4 

.  $r 


+  Cca  -- 


t>)  3sr,  liiw-v«t  wi^ht  -  (o1  +  o2  +  o3  -  c^) 


r  <JU  6o+  d>_- 6,  6 ,  +  6. ,- <K+  4  ,  d> , -  *•  d> 

Xc,?,(*>  =2  [cos  -1-4-^  +  Ccs  - ’**V~ — +  C^3  ■“ — "  '  " 


+  Cco 


-] 


c)  8y  Eiehoot  woicht  t 


**(*>  »  2  [  Coofy  +  C03(t>2  +  Coo4>3  +  Cc34>4J 

d)  28r  Highest  wjight  (^  -!  c>2 


7(  )  o  4  [l  +  Cos  fyCoo  (J:2+Co3  cJ^Cor  ^  +3os  (j^Cos  d^+Ccs  (j^Cos  ^+0o3  <f>2Co3  $4 
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Per  ccr’p1.ot'‘n'.:,Tl  wo  air  j  give  tho  chr rasters  for  tho  ml  f6^  repre¬ 
sent  "t  ions  : 


whoro  (i  j  k  l)  i3  a  pemutation  (l,2,3,4). 

3°)  'll!*  inclusion  A on©  considers,  is  realized  by  the  projection 

of  tho  f our-diiacn3ional  weight  diagrams  on  the  two-dimensional  piano  defined  by  : 


4*4  =  0 

4>,  +<^2  +  <^  *  0 


Tho  first  equation  assures  tho  equivalence  of  the  two  spinor  representations  and, 
consequently,  of  all  Ng  and  N  ,  representations.  From  the  second  equation,  ono 
deduces  tho  equivalence  between  the  throo  8-dimonsional  representations  of  and 
their  irroductibility.  Tho  following  results  are  then  straightforward  : 

8  8  8  ,  -*->  8  8  8 
sp  '  ep*  v  ^ 

28_  «=>  8  <J>  10  ©  TC 

R 

35rt  =*  8  <n  27 

56  .  ■=*  1  ©  8  8>  10  <S>  TU  ©  27 
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P.  Gtirsey,  Annals  of  Physics,  J£,  91  (1961). 

Ve  call  N  inequivalent  places  "  positions  one  cannot  relate  by  moans  of  an 
inner  automorphism.  . 

In  Cartan's  notation,  the  simple  Lie  algebra  A  (n£  l)  is  realized,  for  instance 
by  its  universal  covering  group,  the  unimodular  unitary  group  SU(n+1 ) .  One  ex¬ 
tends  the  notation  for  n  =  0,  to  the  one-dimonsional  Lie  algebra,  for  which  the 
more  interesting  physical  realization  is  the  one-dimonsional  unitary  group  U(l) 
commonly  called  the  gauge  group  of  the  first  kind. 

In  a  genoral  way,  Z  is  a  finite  abelian  cyclic  group  isomorphic  to  the  set  of 

XU  " 

the  algebraic  n*  roots  of  the  unity.  It  follows  naturally  that  Z  is  a 
subgroup  of  U(l).  n 

This  form  is  associated  with  the  one-dimensional  representation  figuring  in  the 
direct  product  of  two  adjoint  representations  s 

8®8  *  ±  ©  8  8  ©  10©  TO©27 

P.M.  Cohn,  Lie  groups.  Cambridge  1937. 

C.  Racah,  Inst,  for  Adv.  Study  Lectures,  Princeton,  1931  (C.E.R.N.  1961 )• 

Sdminaire  Sophus  Lie,  1954-1953  (Ecole  Normals  Sup^rioure)  •  1 c  ‘5. 

The  index  c*  distinguishes  three  inequivalent  representations  of  D*,  entering 
in  only  one  of  the  groups.  4 

In  genoral,  an  irreduciblo  representation  of  A .  is  reducible  under  the  strong 
interaction  transformations  and  ono  con  mix  the ^parities  into  a  A .  multiplot 
but  not  into  the  subreprosentations  irreducible  in  A^. 

For  instance,  we  know  that  :  & 

28r  £  ®  10  ©  TO 

and  tiie  well-known  J  *  0~  and  J  .  1*  octets  can  take  plaoe  In  the  _8  part  of  the 

28  representation  .  For  the  10  and  TO  part,  it  is  possible  to  put  J  =  0*  and 

J»r  mesons. 

The  56 ^  representation  reduces,  under  Ag,  according  to  s 

36  1  ©  8  +  10  ©  TO  ©  27  . 

The  J  ■  J*  multiplet  can  take  plaoe  in  the  part  and  the  J  «  -**  ootet  (?)  in 

2  2 
the  8  part. 


